We present a No-Go theorem for keV sterile neutrino Dark Matter: if sterile neutrinos at the keV scale play the role of Dark Matter, they are typically unstable and their decay produces an astrophysical monoenergetic X-ray line. It turns out that the observational bound on this line is so strong that it contradicts the existence of a quasi-degenerate spectrum of active neutrinos in a seesaw type I framework where the Casas-Ibarra matrix R is real. This is the case in particular for models without CP violation. We give a general proof of this theorem. While the theorem (like every No-Go theorem) relies on certain assumptions, the situation under which it applies is still sufficiently general to lead to interesting consequences for keV neutrino model building. In fact, depending on the outcome of the next generation experiments, one might be able to rule out whole classes of models for keV sterile neutrinos.
Introduction
In spite of having considerable astrophysical evidence for Dark Matter (DM) [1] , we still do not know its true identity. While the condition to correctly form cosmological structure rules out hot (highly relativistic) DM [2, 3] , the other two possibilities of cold (nonrelativistic) or warm (moderately relativistic) DM are still consistent with all constraints. Apart from weakly interacting massive particles (WIMPs), which are generic cold DM candidates, the case of particle warm or cold DM with a mass of a few keV has attracted the interest of the structure formation simulation community [4, 5, 6, 7, 8, 9, 10] , too. In addition, this was fueled by model-independent analyses [11, 12] and surveys like ALFALFA [13] , which suggest the possibility of keV-DM.
One of the prime candidates for keV-scale DM with suppressed interactions is a sterile neutrino N 1 . The main framework proposed is the νMSM [14] , which can simultaneously account for neutrino oscillations, Dark Matter, and the baryon asymmetry of the Universe [15, 16] . In fact, sterile (or right-handed) neutrinos are necessary in many frameworks with a non-zero light neutrino mass, which makes it attractive to use them not only for the generation of a small active neutrino mass but also for other purposes. Furthermore, such settings offer the possibility to probe the DM sector with the help of low-energy neutrino data, provided that the two are tightly linked in a concrete model. Accordingly, keV sterile neutrinos have been investigated in many contexts, such as Left-Right symmetry [17, 18] , composite neutrinos [19, 20] , or within the scotogenic model [21, 22] . The two main tasks are to motivate the existence of the keV scale in the first place, and to generate the correct DM relic abundance, see Ref. [23] for an overview. Several models that achieve the former point have been suggested, using a flavour symmetry [24, 25, 26, 27] , the Froggatt-Nielsen mechanism [28, 29, 30] , split seesaw [31, 32] , or an extended seesaw mechanism [28, 33] . Examples for production mechanisms are resonant [34] and non-resonant [35] (non-) thermal production, in particular the decay of a scalar particle [36] , or thermal overproduction with subsequent entropy dilution [37] . These ideas have been applied to keV sterile neutrinos or to extended scanerios (see, e.g., Refs. [17, 18, 38, 39, 40, 41, 42, 43, 44, 45, 46] ).
Models of the flavour structure are very attractive to explain the patterns in the light (active) neutrino spectrum. While by neutrino oscillation experiments we have measured all leptonic mixing angles and mass square differences [47, 48, 49] , we still do not know the absolute neutrino mass scale. On the other hand, from kinematical determinations of the neutrinos mass [50, 51] , from experiments on neutrinoless double beta decay [52, 53] , and from cosmological observations [1] , it is fair to say that the true neutrino mass is below 1 eV. However, we still do not know the pattern of the light neutrino masses, they could be either normally (m 1 < m 2 < m 3 ) or inversely (m 3 < m 1 < m 2 ) ordered. In case the absolute light neutrino mass scale m 0 is much larger than the corrections by the two mass-square differences, m 0 ≫ ∆m 2 A,⊙ , all light neutrino masses would be roughly equal, m 1,2,3 ≃ m 0 , and the corresponding pattern is called quasi-degenerate (QD).
In this paper we present a little No-Go theorem, which proves that a QD mass pattern for light neutrinos is inconsistent with the existence of keV sterile neutrino DM in the absence of CP violation or, even more general, in the case of a real Casas-Ibarra (CI) matrix R. After presenting and proving the theorem in Sec. 2, we give a discussion of its implications in Sec. 3 before concluding in Sec. 4 .
The work presented here is a generalization of the considerations in Refs. [14, 54] . Although in particular Ref. [14] arrives at similar formulas, it for example does not contain a discussion on the aspects concerning CP violation. This is an important and fundamental point which becomes most easily visible in the CI parametrization: this parametrization separates the CP violation in the light neutrino sector, contained in the Pontocorvo-MakiNagakawa-Sakata (PMNS) matrix U PMNS , from the one in the heavy sector, contained in the CI matrix R. In particular when investigating a concrete model it is often possible to derive an explicit expression for R, which can immediately be used to match it with the considerations in this paper. An equally useful point presented here is the detailed discussion of when the No-Go theorem is not applicable: when developing a new model, it may for certain reasons be desirable to avoid this constraint. This can be easily done by making use of the list of ways around the theorem presented here. Another new point is the connection to the cosmological sum Σ of light neutrino masses. This is particularly important in the light of new cosmological data to be expected from the Planck satellite [55] , which is not unlikely to measure the value of Σ. Finally, the GERDA experiment [56] can be expected to yield results soon [57] , which makes the research presented here even more timely: in principle, GERDA could determine the light neutrino spectrum to be QD, by observing a corresponding rate of neutrino-less double beta decay, or it could strongly constrain the QD pattern for the case of Majorana neutrinos.
The No-Go theorem
In this section, we will show under which circumstances keV sterile neutrino Dark Matter is not consistent with the existence of quasi-degenerate active neutrinos. Let us state the theorem first and then give a proof of its validity.
No-Go theorem:
Consider a type I seesaw situation with three left-handed and three right-handed neu-trinos, where the Casas-Ibarra matrix R is real and where the lightest sterile neutrino mass eigenstate N 1 mainly decays via the channel N 1 → νγ. Then, N 1 cannot play the role of keV Dark Matter while at the same time the light neutrino mass pattern is quasidegenerate.
Proof:
The usual 6 × 6 mass matrix in a seesaw type I situation is given by
In the charged lepton mass basis, the mass matrix M ν is fully diagonalized by a unitary matrix U , according to 1 The first matrix factor in U from Eq. (2) approximately block-diagonalizes the whole matrix M ν , while the unitary PMNS matrix U PMNS and the unitary matrix V R diagonalize the submatrices m ν and M R , respectively.
We can hide our lack of knowledge on the 6 × 6 matrix M ν by shifting all unknowns into a complex orthogonal matrix R. This is called the Casas-Ibarra parametrization [63] , and in a basis where
where U ≡ U PMNS .
1 One could ask whether the seesaw formula is at all applicable, since one might be in danger to divide by a small mass M 1 = O(keV). However, anticipating the X-ray bound, cf. discussion before Eq. (10), as well as the Lyman-α bound, cf. Sec. 3, one can conclude that
, and hence, due to the sum over absolute values, |m Dα1 | ≪ M 1 , which makes the seesaw formula valid. This behavior could be dubbed as the keV seesaw practicality theorem.
The active sterile mixing angle between the light flavour α and the heavy generation i is, according to Eq. (2), given by [30, 64] 
and Eq. (3) as well as the diagonal M R lead to
A trivial calculation yields:
(6) Aiming at using the X-ray bound, the observable combinations of the mixing angles take on the form [30] 
Using the fact that the PMNS matrix is unitary, 2 we can conclude that α U † lα U αk = δ lk , which yields θ
Note that no sum over i is implied in Eq. (8). Now we can see what happens: if the light neutrinos are quasi-degenerate in mass, m k ≃ m 0 ≫ ∆m 2 A for k = 1, 2, 3, then the factor m k can be pulled out of the sum in Eq. (8) . If in addition the complex orthogonal matrix R is also unitary (i.e., it must actually be real, 3 as is the case in many models in the literature), then k R ik R † ki = δ ii = 1 implies an interesting correlation between the i-th active-sterile mixing angle, the i-th heavy neutrino mass M i , and the light neutrino mass m 0 :
2 Note that, in Eq. (2), the PMNS matrix U is exactly unitary since it diagonalizes the upper 3 × 3 block m ν of the black-diagonalized version of the full 6 × 6 matrix M ν . Non-unitarity of the PMNS matrix [65] would apply to the upper left 3 × 3 of the matrix U , which is only approximately unitary.
3 From R T R = R † R = ½ it follows immediately that R * = R, which means that R is real.
In particular for i = 1, a hard bound on θ i exists, roughly given by θ 
which can never be fulfilled: even for extremely small values of M 1 ≃ 1 keV, which are already excluded by Lyman-α (Ly-α) data [6] , one would need m 0 0.018 eV < ∆m Note that there is an interesting nuance to Eq. (9): for quasi-degenerate light neutrinos, the cosmological sum of neutrino masses is given by
in case that we have three light neutrinos contributing to Σ. This is particularly true in a seesaw type I setting where the lightest sterile neutrino has a mass of O(keV). Then, the corresponding correlation looks like:
This version of Eq. (9) is another testable relation, at least in principle, and this time by data from astrophysical observations only. However, note that systematic errors in Σ are known to be able to lead to wrong conclusions on the neutrino mass [67] , which could also lead to problems when applying Eq. (12).
Discussion
Let us graphically illustrate the situation described in Sec. 2, which is done in Fig. 1 . We have plotted the upper bound on m 0 arising from Eq. (9) when the X-ray bound is imposed. We have used both, the simplified form of the X-ray bound by Boyarsky, Ruchayskiy, and Shaposhnikov (BRS) [66] , as done in Eq. (10), and the more elaborate bound by Canetti, Drewes, Frossard, and Shaposhnikov (CDFS) [15, 16] , who combined data from Refs. [68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79] . This has to be compared with the requirement of having a quasi-degenerate mass pattern for active neutrinos, which can be described by the use of a degeneracy parameter p defined by
where m denotes the lightest active neutrino mass. We have displayed the resulting lower bounds for relative degeneracies of 10%, 1%, and 0.1%. For illustration, we have also included some lower bounds on M 1 , which arise from cosmological structure formation: the Tremaine-Gunn bound [80] applied to the case of keV sterile neutrinos roughly leads to M 1 1 keV [81, 82] . More elaborate bounds take into account the details of the production mechanism: with the Lyman-α data as example, for non-resonantly produced keV steriles [35] the lower bound is about M 1 8 keV [6] , while for the case of thermal overproduction with subsequent entropy dilution this bound has to be rescaled to M 1 1.6 keV [17] . Note that generic upper bounds on M 1 are in the region of about 50 keV, but the exact value depends on the production mechanism [16, 23] .
Let us now discuss how certain models could or could not be probed by the No-Go theorem: first of all, as explained in Sec. 2, we can only constrain QD situations. However, in mass models for keV sterile neutrinos we need a strong hierarchy in the sterile sector [23] .
In some models, such as the ones based on L e −L µ −L τ symmetry [24, 25] or the ones based on the Froggatt-Nielsen mechanism [28, 29, 30] , these hierarchies tend to translate into the light neutrino sector. In the extended seesaw mechanism [28, 33] , one light neutrino is even exactly massless. On the other hand, in models such as the ones based on the split seesaw mechanism [31, 32] there is no such natural tendency. These latter types of models could be constrained by the No-Go theorem.
A realistic situation in a few years from now is that an experiment like KATRIN [83] or MARE [84] , ideally in accordance with an experiment like GERDA [56] proving the Majorana nature of neutrinos, has established the light neutrino mass pattern to be QD, while direct DM searches continued to fail detecting anything. Then, we would need to find models explaining this situation, while at the same time trying to keep a non-WIMP DM candidate like the keV sterile neutrino in existence. In such a situation, as soon as the CI matrix is real in a certain model, the No-Go theorem applies. While the requirement of a real matrix R sounds very restrictive at first sight, it is actually quite often the case that models invoke situations like the absence of CP violation. In such a case, the theorem would immediately be applicable. Indeed, a whole class of CP symmetric models for keV sterile neutrinos would be in trouble in that situation. But even if CP violation is present, it could well be completely contained in the light sector Dirac and Majorana CP phases δ and (α, β) of the PMNS matrix, respectively, while the CI matrix R is still real.
Let us end by discussing how to avoid the situation of the No-Go theorem. The theorem presented here is, as any No-Go theorem, based on certain assumptions. If one of these assumptions is not fulfilled, the theorem is not applicable. In order to illustrate the points more clearly, we make a short list of the assumptions involved and describe how to avoid them:
• QD light neutrinos:
If the light neutrino mass pattern is not QD, the step from Eq. (8) to Eq. (9) is invalid. However, at the moment we do not know this mass pattern and we have to wait for experimental input.
• R must be real : If there is considerable CP violation in the model, Im(R) is not negligible. This would also invalidate the step from Eq. (8) to Eq. (9). On the other hand, if a QD pattern is observed and a keV sterile neutrino is the DM in a certain model (or maybe even identified in a lab-based experiment [85, 86, 87, 88] ), the combination of all information would proof the existence of CP violation by principle reasons.
• The framework must be close to seesaw type I :
We need a seesaw type I situation in order for the form of the matrix in Eq. (1) to be valid. While any seesaw type II [89, 90] contribution destroys that argument, this is not true for a split seesaw setup [31, 32] . Even in more general seesaw scenarios, Eq. (1) and the subsequent arguments could be valid up to the dimensions of the matrices.
• N 1 must decay like N 1 → νγ: If for some reason this decay is hindered, e.g. by a symmetry that stabilizes N 1 , then the X-ray bound displayed in Fig. 1 does not apply. In such a case, there would be no inconsistency in the observables, and the No-Go theorem would not be valid.
• N 1 must make up a considerable part of the DM : If we have multi-species DM, the X-ray bound would not be fully invalidated, but certainly be weakened. This is not a priori a problem, since the plot presented in Fig. 1 is logarithmic and even a weaker X-ray bound could lead to an inconsistent situation in which the No-Go theorem applies. However, there might be cases in which a sufficiently stable keV sterile neutrino N 1 exists but it makes up only a tiny fraction of the DM in the Universe. While in such a situation we might not even talk about "keV sterile neutrino DM", it would nevertheless formally invalidate the No-Go theorem.
Hence, as for any No-Go theorem, there are ways to avoid it. On the other hand, in situations where it is applicable the theorem could be a powerful handle to constrain or even exclude certain models, by this contributing to our knowledge on neutrinos and Dark Matter.
Conclusions
We have presented a No-Go theorem which shows that, under certain circumstances, a quasi-degenerate mass pattern of light neutrinos is not consistent with keV sterile neutrino Dark Matter. While there are clearly situations in which the theorem is invalid, it nevertheless applies to the relatively large class of models with a real CI-matrix R in a seesaw type I situation and an unstable keV sterile neutrino as Dark Matter. After stating and proving the theorem, we have given a discussion of its implications and of the possible ways around it. The theorem could have very interesting consequences for model building in case that experiments on the light neutrino mass reveal at some point a QD mass pattern.
